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In random systems, the density of states of various linear problems, such as
phonons, tight-binding electrons, or diffusion in a medium with traps, exhibits
an exponentially small Liftshitz tail at band edges. When the distribution of the
appropriate random variables (atomic masses, site energies, trap depths) has a
delta function at its lower (upper) bound, the Lifshitz singularities are pure
exponentials. We study in a quantitative way how these singularities are affected
by a universal logarithmic correction for continuous distributions starting with
a power law. We derive an asymptotic expansion of the Lifshitz tail to all orders
in this logarithmic variable. For distributions starting with an essential
singularity, the exponent of the Lifshitz singularity itself is modified. These
results are obtained in the example of harmonic chains with random masses. It
is argued that analogous results hold in higher dimensions. Their implications
for other models, such as the long-time decay in trapping problems, are also
discussed.

KEY WORDS: Random harmonic chains; Lifshitz singularities; trapping
problems; density of states.

1. INTRODUCTION

Lifshitz noticed in 1964") that randomness strongly affects the band edges
of the spectra of phonons, tight-binding electrons; etc., in solids: the usual
Van Hove power-law singularities are replaced by exponentially small tails.
Although much rigorous work has been devoted to Lifshitz singularities
(see, e.g., ref. 2 and references therein), their precise analytical form is not
easy to derive within specific models, even in one dimension.
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This paper will be mainly concerned with the Lifshitz tails in
disordered harmonic chains. The equation of motion for the atomic
displacements at frequency w/2n reads

_mnwzanzan+1+an71_2an (11)

where the masses m, are independent random variables with a common
distribution p(m) dm. The Lifshitz phenomenon occurs when the support of
the mass distribution does not extend down to zero. We choose units such
that this lower bound is m=1.

The integrated density of states (IDS), denoted H(w?), is defined as
being the fraction of eigenvalues of Eq.(1.1) less than some w® The
maximal eigenvalue being w?, =4, the key question is: How does the IDS
approach unity as w? — 4~ ? Lifshitz’ original argument" is the following.
The succession of a large number N of light masses (m =1) is needed to
have an eigenmode at

w?=4cos*(¢/2) x4 —¢? (1.2)

with e~ n/N. Hence, if p denotes the probability to have m=1, the IDS
exhibits the following exponentially small “Lifshitz tail”:

| — Hw?) = H (0*)~ p™* (1.3)

This argument has been refined, and made rigorous in various instances,
both for continuum and lattice models in any dimension 4. The usual
statement of those results reads®

lim In——<=d (1.4)

Unfortunately, this regorous equality, involving two logs, does not provide
a very precise description of the actual behavior of H (w?).

We have studied in refs. 3—6 binary mass distributions, where m, =1
or M > 1 with probabilities p and 1 — p, respectively. Our main result reads

H (o)~ p™ Q(n/e) (L.5)

The amplitude Q is a periodic function of its argument 7n/¢ with unit period
and depends on the mass ratio M. In the M — co limit, considered by
Domb et al,”) the periodic amplitude assumes a very simple form:
O(x)=(1— p) p™ =~ where Int(x) denotes the integer part of x. It was
argued in ref. 5 that Eq. (1.5) gives the asymptotic behavior of the IDS for
any distribution in which the lightest mass m =1 occurs with a nonzero
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weight p. This statement has been confirmed in ref. 6, where we studied in
detail a family of exactly soluble models® (diluted exponential dis-
tribution). In this case, we gave an analytical derivation of Eq. (1.5) and
expressed the Fourier coefficients of Q in terms of the solution of a differen-
tial equation.

The aim of the present paper is to obtain an accurate, even though not
rigorously proven, estimation of the IDS in cases where the mass
distribution starts in a continuous way at m =1, with no delta function.
The possible occurrence of a logarithmic correction to Eq. (1.3) in such
cases was considered by previous authors.®'® In particular, a rigorous
lower bound to H (w?) involving a logarithmic factor is given in ref. 10.

We obtain, using more quantitative but less rigorous tools, this
leading logarithmic correction to the Lifshitz tail as well as a systematic
expansion beyond it. We put special emphasis on distributions starting as a
power law

p(m) ~ Aad* ! (6 = 0) (1.6)
with the notation
m,=1+96, (1.7)

Our final result is given in Eq. (3.44).

Let us first present a rough heuristic estimate of the Lifshitz tail
associated with such a mass distribution. Since the lhs of Eq. (1.1) reads
approximately — (4 + 46, —¢2)a,,, the highest eigenmode of a succession of
N light masses will be little sensitive to the actual values of the J,, and
hence stay around &~ n/N, independently of the boundary conditions
inherited from the rest of the chain, as long as 45, <¢> Since such a

collective event occurs with a probability of the order of ¢**", we get the
following very crude approximation:
2
H, ~exp<—? IIn 81> (1.8)

A more accurate derivation of this result, including ail subleading powers
of |Ing|, is given in Section 3.

The general setup of this paper is a follows. Section 2 is devoted to an
analogue of the Lifshitz phenomenon in a simpler model, namely the
distribution of the random variable z=1+x; + x,x, + x;x,x; + -~ We
show how the exponential tail of the distribution of z, obtained in an exact
way for a particular example, can indeed be derived in the general case. In
Section 3, we apply the same techniques (exact solution + general case) to
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the Schmidt function and to the IDS of random harmonic chains. Qur
analytical results are compared to numerical data. Section4 contains a
generalization of the results to other mass distributions (essential
singularities), to other models (localization, trapping problem), and to
higher dimensions.

2. A SIMPLE MODEL

2.1. Preliminaries

Before studying the Lifshitz tail of random harmonic chains, we con-
sider a simpler disordered model which exhibits a very analogous behavior.
Consider an infinite sequence of independent random variables x, with a
common probability distribution p(x) dx, and define the variable

z=Y [l xi=1+x+x X4+ x X053+ --- (2.1)
nz0 i=1
This quantity has been met in probability theory!!) and in different exam-
ples of one-dimensional disordered physical systems, such as the Ising
chain in a random field*? or random walk in a random medium.**>!%)

Let R(z) be the probability density of the random variable z. The
large-z behavior of R(z) strongly depends on the distribution of the x,.¢
To be more specific, let b denote the upper bound of p(x). If b< 1, z has a
finite upper bound B=(1-5)"". If b>1, but [Inxp(x)dx<0, then
R(z)~z~ "1, where the exponent « is given by | x*p(x) dx=1.

The marginal case b=1 is reminiscent of the Lifshitz phenomenon. A
large number N of consecutive x, close to unity are indeed necessary to
build up a value z~ N. Hence, the situation is analogous to that of random
harmonic chains, described in the introduction. In the x, take their largest
value h=1 with a nonzero probability p, then R(z) ~ p®. This exponential
decay is very similar to the Lifshitz tail of the IDS (1.3), where p is the
probability of occurrence of the lightest mass. The rest of this section is
devoted to the more subtle situation where p vanishes, p(x) ending up at
b =1 with no delta function.

2.2. An Exactly Soluble Example

We have shown in ref 16 that the probability density R(z) can be
obtained in an exact way for a particular class of power-law distributions
p(x)dx. This family of exactly soluble cases contains one example of
interest for the present purpose, namely

p(x)=ox’"" 0<x<) (2.2)
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where ¢ >0 is an arbitrary parameter. It has indeed been shown in ref. 16
that R(z) obeys the following differential-difference equation:

z—1DR(Z)+(1—0)R(z)+0R(z—1)=0 (2.3)

This relation yields a closed-form expression for the Laplace transform
F(s)={ e " R(z) dz of the distribution of z,

—! di (2.4)

F(s)=exp[ —s+ 0G(s)], G(s)=re;

0

The density R(z) is given by the inverse Laplace formula

d
R(Z)zjzrs—iexp[s(z« 1)+ 0G(s)] (2.5)

and the large-z behavior of this exact expression can be obtained by
applying the steepest descent method to the integral. The saddle point
(negative) value s, of s is given by the transcendental equation

—5,=In [(—s(.)?ﬁ— 1} (2.6)

and we get the following estimate:
R(z)= [27G"(s.)] " exp[s.(z — 1) + G(s,)] (2.7)

We will discuss the large-z behavior of this result in the next subsection,
after having derived an asymptotic expression for R(z) valid for any power-
law distribution.

2.3. The General Case

Our aim is now to obtain an estimate of the large-z behavior of the
density R(z) for an arbitrary distribution of the x, ending up as a power
law at b= 1. Let us define

x,=1-4, (2.8)
and assume that the probability density of §, reads
o)~ Aad* ™! (6-0) (2.9)
so that the probability that ¢, is less than some ¢ reads

R(S)~As*  (6-0) (2.10)
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The density R(z) of the variable z defined in Eq. (2.1) is the limit of the
densities of an infinite sequence of variables z,, defined through the
recursion

z,=1+x,z

(2.11)

n—1

where the x, have the common probability density p(x). Hence, the
distribution R(z)dz is invariant under the transformation (2.11). This
property is expressed by an integral equation®

R(z)=j"(x)de<Z_l) (2.12)

X X

of the type of those introduced by Dyson"” and Schmidt.!® We will
therefore refer to Eq.(2.12) as the Dyson-Schmidt equation of the
problem.

The large-z behavior of R(z) can be extracted from Eq. (2.12) as
follows. Since R(z) is rapidly decreasing, the integral is dominated by
values of x close to unity, i.e., small values of 8. It is therefore legitimate to
approximate Eq. (2.12) as

R(z+1)zfﬁ(5)d5 R(z + 20) (2.13)

We then set R(z)=exp[ —a®(z)], expand the integrand as
R(z+z0)~exp[ —ad(z) —ad'(z) z0]

and perform the integral with the distribution (2.9). We end up with an
implicit equation for @'(z)

®'(z)=4i—p+In &'(z) (2.14)

with the notation
A=Inz (2.15)
u=(a)In[AI'(a+1)]~Ina (2.16)

Hence we have @'(z) ~In z, and @(z) ~zIn z, up to subleading powers of
In z. This suggests the change of variable

D(z)=zg(A) (2.17)
Then Eq. (2.14) yields

g+ g (M) =f(A)=A—pu+1n f(1) (2.18)
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Let us show that Eq. (2.18) is equivalent to Eq. (2.7) in the case of
exactly soluble distributions (2.2), up to terms of relative order 1/z in @&(z),
i.e., terms of order e ~* in g(A). Since the present case corresponds to o= 1
and u=In o, the second equality of (2.18) is equivalent to Eq. (2.6) with
—s.=f(1). We also have to identify oG(s)= —z[s.+ g(4)]. The first
equality of Eq. (2.18) is then a consequence of the stationarity condition
z= —aG'(s,) for the integrand in Eq. (2.5) at the saddle point. Of course,
Eq. (2.5) contains the whole analytic structure of R(z), whereas Eq. (2.18)
only yields its asymptotic form for large z. In particular, since Eq. (2.18) is
the result of a local analysis of the Dyson-Schmidt equation (2.12), it
cannot predict the absolute normalization of the Lifshitz tail of R(z), which
depends on the mass distribution in a global way.

Equation (2.18) yields an asymptotic expansion of @(z) to all orders in
4. Indeed, since the relevant values of ¢ in the integral (2.13) are of order
(zIn z) !, our approach is correct up to terms of order ¢ ~* which is also
the order of the unknown integration constant in Eq.(2.18). We first
expand f(4) for A —» +co as

K 1 1 1 /1 3
SA)y=i+K+=+ (——K2+K>+F<—K3~—K2+K>

A2\ 2 3 2
+i<—11<4+1—11<3—31<2+1<>+-~ (2.19)
FEA 6
with the notation
K=Inil—yu (2.20)

where 4 and p have been defined in Eqgs. (2.15)-(2.16). We then integrate
this expansion term by term, according to Eq. (2.18), and we end up with

R(z)~exp {—ocz [i +Py(K)+ Y. Pf(@}} (2.21)

7
j=1 A

with
Py(K)=P(K)=K-1
Py(K)= —LK*+2K-2
PyK)=1K’-3K*+6K—6
PyK)= — LK+ VK>~ B K?+ 24K~ 24

It can now be checked that the approximations that were needed to derive
- Eq. (2.14) from Eq. (2.12) are indeed correct in the z — oo limit.
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3. RANDOM HARMONIC CHAINS

3.1. Preliminaries

In this subsection, we recall briefly some useful definitions used in the
study of the spectra of random harmonic chains. We introduce the ratio
(Ricatti variable)

un:an/an+1 (31)
in terms of which the equation of motion (1.1) reads
unz(zﬂmnwz_unfl)gl (32)

where the masses m, have the common probability density p(m). The dis-
tribution of the random variables u, approaches, as n — co, an invariant
distribution R(u) du. The Dyson—Schmidt integral equation™'®) expressing
this invariance reads

1
R(u)=7Jp(m) dm R(2—mw?—u) (33)
U
The IDS H(w?) is equal to the probability that u is negative,

H(aﬂ)zj0 R(u) du; H(.(w2)=j+°°R(u)du (3.4)

— 0

as a consequence of a well-known theorem by Sturm.

3.2. An Exactly Soluble Example

Just as we did in Section 2, we first present the exact evaluation of
H(w?) for a particular mass distribution before studying the general case.
Among those distributions already mentioned in the introduction, those of
interest for the present purpose read

p(8)=(1/M)e="M (3.5)
with the notation (1.7): m, =1+ 8,. The associated IDS is given by®
H, = (1/n){e—Im[xn(1 - Cy)1} (3.6)

where ¢ is as in Eq. (1.2), # =iM cotan(e/2), and the complex sequence C,
obeys the recursion relation

Cri1+Croy —2C,=U,C, (3.7)
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with
1— eZiks

kn

U= (3.8)

together with the boundary conditions Cy=1; lim, _, ., C,=0. The rather
lengthly derivation of these results will not be repeated here. We just men-
tion that the C, are related in a simple recursive way to the moments g, of
the above-defined invariant measure R(u)du, and that Eq. (3.6) is a mere
transcription of Eq. (3.4) in the language of the C,.

In order to extract the Lifshitz tail of H. at ¢ >0 from the exact
expression (3.7), we perform the same manipulations as we did in ref. 6 for
the case where 0 =0 occurs with a nonzero probability p. We end up with

ad w(x) dx
s

e™" f(x)? (3.9)

4ime?

where w(x)=(1—e"")/x+e *. The idea beyond the derivation of
Eq. (3.9) is the assumption that the sequence C, admits an analytic scaled
limit f(x) as ¢—>0 and k— +oc simultaneously, the complex quantity
x= —2ike being kept fixed. Then f(x) obeys the following difference
equation:

A, f(x)=f(x+2ie)+ f(x—2ie) —2f (x) = —4e*V(x) f(x) (3.10)
with

—x

l—e

V N =
(x) 4Mx

which is just the scaled limit of Eq. (3.7). As long as the complex variable x
remains bounded, Eq.(3.10) becomes the differential equation f"(x)=
V(x) f(x) in the ¢ — 0 limit. This procedure was indeed used in ref. 6, where
we only needed the values of f(x) for Re x=1In p (finite). It turns out that
[f(x) is needed for Re x - —oo in the present situation, and that the ¢ » 0
limit of Eq. (3.10) is less trivial, since the potential ¥(x) becomes large. The
rapid increase of V(x) can be taken into account as follows. If we assume
that there exists a “renormalized potential” ¥ p(x) such that

S'(x)=Vg(x) f(x) (3.11)
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then we have f®"(x)x Vg(x)" f(x) for Re x - o0, and the action of the
difference operator 4, can be resummed as

(2ig)?"
(2n)!

N Qi)
<2 X T Fator |00

~ 2{cos[2eVx(x)*] -1} f(x) (3.12)

4. f(x)=2 3,

nzl

= [P (x)

A comparison with Eq. (3.10) then gives the relationship between both
potentials

g(x) =&V g(x)"* =sin "' [eV(x)"?*] (3.13)

The last steps of the analysis are now simple, since both the WKB
method for Eq. (3.11) and the steepest descent method for the integral (3.9)
become exact in the ¢ — 0 limit. The WKB expression for f(x) reads

1 rx
fwmexn| - a0 ] G.14)

The saddle point of the integrand e™/¢f(x)* then corresponds to g =m/2,
ie., x=x,, where x_is the solution of

l—e ™ 1
Vix)= YR (3.15)
and we end up with the estimate
dH 1 Xe
—x~H, ~ - — d .
G Hose {1 w2 M aas |} (3.16)

As we did in Section 2, we postpone the discussion of the small-¢ behavior
of this expression to the next subsection.

3.3. The Schmidt Function at the Band Edge

The subsection is devoted to the asymptotic behavior, for ¢ =0, of the
invariant probability density R(u) defined in Section 3.1. The integrated
density Z(u)=[* ,, R(u') du’ is often referred to as the Schmidt function of
the problem. We consider mass distributions starting with an arbitrary
power law (1.6)

5(8) ~ Aad* ! (3.17)
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with the notation (1.7): m=1+ 6. The support of R(u) is then —1 <u<0.
We perform the change of variable

u,= —1+1/v, (3.18)

and we introduce the invariant density S(v) such that R(u)du= S(v) dv.
Equation (3.2), for ¢ =0, ie., w?=4, now reads

(1448,)v,_,+1
B R (3.19)

and the Dyson-Schmidt equation (3.3) becomes

p(0) do S v—1
[1-46(v—1)]° [1—45(12— 1)}

S(v)zj (3.20)

The large-v behavior of S(v) can be estimated as follows. Since this
function is expected to decrease very rapidly, we approximate Eq. (3.20) for
small ¢ as

S+ 1)zfﬁ(5) 5 S(v+ 40%) (321)

This equation is very similar to Eq. (2.13), and so is the way to solve it. We
define

S(v)=exp[ —ovg(4)] (3.22)
with
i=Inv (3.23)
and we obtain
gA)+ g () =f(A)=24—p+1n f(4) (3.24)
with the notation
p=(1/2) In[AT(a+ 1)] — In(4a) (3.25)

The following expansion of S(v) for large v then follows, along the very
same lines as in Section 2.3:

S(v)=exp {-ow [2& + Qo(K) + _Z %(}I;) ]} (3.26)
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with

QO(K)=Q1(K)=K_2

0,(K)= —L1K?>+3K—6

04(K)=1K>—~1K*+15K—30

0(K)= —L1K*+ B K>~ 26K>+ 105K —210

and with the notation
K=In(24)—pu (3.27)

where 1 and yu are as in Egs. (3.23)—(3.25).

3.4. The Schmidt Function Close to the Band Edge

We now generalize the results of the previous subsection to the vicinity
of the band edge, ie., to small, nonzero values of &. The support of the
invariant distribution R(u) du is then the whole real line, and it is advan-
tageous to map the u axis onto the unit circle through®

—1
u=—— (3.28)
e®—ze
and to parametrize the circle by
z=e % 0<o<n) (3.29)

In terms of this angle, the transformation (3.2) becomes, up to first order in
0

n?

45
@n=¢n—l+8_—8—nSin2((pn~l+8) (330)

Let T.(¢) denote the invariant density such that R(u)du=T,(¢)dp. It
follows from Eq. (3.4) and from the definition of ¢ that the IDS is given by

T(p)dp; Hi(o)=]

T —

Hwh)= | T(p)dp  (331)
Notice that the Lifshitz mechanism now appears very clearly: a large
number N = n/e of light atoms, with §, <¢?, is needed for ¢ to be close to

7, and hence to get a contribution to H..
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In order to determine the small-¢ behavior of T,(¢), let us rewrite
Eq. (3.3) in terms of the angle ¢, and for small §, as

T(go+s)~f~( ydo T, (<p+4—5sm (p) (3.32)

This equation is analogous to Egs. (2.13) and (3.21), and the way to solve
it will also be very similar to what we did previously.

We still consider the power-law mass distributions (1.6). We set
T(p)=exp[ —@(¢)], linearize the integrand in Eq.(3.32), and perform
the integration. We obtain

ed'(p)=aln[(4/e)sin®> ¢ D' (¢)] —In[AI(a+1)] (3.33)
The change of function @(¢) = («/¢) X(¢) then yields
X(p)—In X' (p)=24—p+2Insing (3.34)

where u is as in Eq. (3.25), and with
A=|ln¢g| (3.35)

In analogy with Eqs. (2.18) and (3.24), Eq. (3.34) yields an asymptotic
expansion of In T,(¢) for fixed ¢ in the ¢ -0 limit. We first derive the
expansion

J 2 3 2
’ — 6J
X' ()= 2A+J+2A 8/12( JE+2N)+ 48A3(2J 9J*+6J)
1 4 3 2
e _ 12 36
+192A4( 3J°422J° —36J°+ 12J) + (3.36)
with

J=K+2Insin ¢, K=In(24)—u (3.37)

A term-by-term integration then yields

T.(p)~exp {— “?"’ [2/1 + Ro() ]} (3.38)
with o
Ro(@)=Ry(p)=L,+K
Ry(¢)=4[—L,+2(1—K)L, +2K—K’]
Ry(0)=L[2L34+3(2K—3) L, + 6(K>—3K+ 1)L, +2K> —9K? + 6K]
Ry9)=3[—3L,4+2(—6K+11)Ly+6(—3K*+ 11K~6)L,
+6(—2K3+ 11K> — 12K +2) L, — 3K* + 22K* — 36K> + 12K]
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where the functions L(¢) are defined through

Lj(q))=lj“’ dr (2 In sin ¢)/ (3.39)
@Yo

3.5. The Integrated Density of States

We are now able to obtain an asymptotic expansion for the logarithm
of the IDS associated with any mass distribution starting with a power law
(1.6). In virtue of Eq. (3.31), we have

H.x=T,(n) (3.40)

and we can therefore use the result (3.38). We still have to evaluate the
integrals I;= L(n). This is readily done by noticing that

J n A & 1/2
p=() laenor=(£) JEHE aay

X/ —oT Yo dx /), _onPI(x + 1)
This equation relates in a recursive way the /; to the differences
4= 99703 =y ()

:{(—1)j(2’—2)(j—1)! (W =2

—2In2, j=1 (342)

We thus obtain
I,=4,=-2In2
I,=A4%+A,=41n*2+n*/3
I,=A3+34,4,+ 4;= —81n* 2 — 27 In 2 — 12{(3) (3.43)
I,=A1+44,45+343+6474,+ 4,
=161n*2+87%In*2+961In 2 {(3) + 19715

and out final result reads

2 S,
H,=exp { — % [A + Sy(v) +j; (2{1"){]} (3.44)

with
So(v)=S81(v)=v/2

Sy(v) = (1/4)(— v+ 2v — n/3)
Sy(v) = (1/12)[2v® — 92 + 2(n% + 3)v — 3n> — 24{(3)]
Sa(v) = (1/24){ —3v* + 22v> — 6(n” + 61>
+ [227% + 1447(3) + 12]v — 1212 — 264£(3) — (19/5)7*}



Lifshitz Tails in Random Systems 15

with the notation
v=K-—2In2=In(A4/2)—pu (3.45)

where A, u, and K are defined in Eqgs. (3.35), (3.25), and (3.37), respec-
tively.

Let us now prove that the present approach is equivalent to the exact
solution discussed in the previous subsection. To do so, we define, for
0 < g < n/2, the function x(g) as being the reciprocal of g(x), introduced in
Eq. (3.13), and the function

Flg)=gx(@) -] q(»)dy (3.46)

A comparison with Eq. (3.16) shows that the result of the exact solution
reads H.=xexp[(2/e) F(x/2)], since x(0)—> 0 with ¢, and x(n/2)=x.. On
the other hand, F(g) clearly satisfies dF/dg = x(g), and x(g) is such that

1—e ™ sin’g
Vix(g)l= =

=i = (3.47)

This last equation is equivalent to Eq. (3.34), up to exponentially small
terms in x(g), with the identification —x(g)= X"(¢), and p= —In(4M). We
have therefore Flq)= —X(¢),-, for 0<g<n/2. Since X(n)=2X(n/2),
both methods are equivalent, up to all orders in a 1/4 expansion.

The method that has led us to the expansion (3.44) of the IDS also
provides a useful tool to get a good numerical estimate of H, for
reasonable values of e. Let us go back to Eq. (3.34). For a small but finite ¢,
this equation only admits a solution when its rhs is larger than unity, ie.,
for <@ <m—¢, with sin@,=e"%*"2. Since the excluded regions
0< @< @yand n—¢y< ¢ <7 have a length of order ¢, the integral

Hg”zexp[— %JR‘QOX’(qo)dq)} (3.48)

®0

provides a faithful resummation of the asymptotic, but surely divergent,
expansion (3.44).

We have performed some numerical tests of the efficiency of the
integral resummation (3.48). We have obtained numerical values of the
IDS of random chains by two means. The first method concerns the exactly
soluble (exponential) mass distributions (3.5). It consists in solving the
difference equation (3.7) through a complex continued fraction, and in
extracting H,. from Eq.(3.6). The second method consists in solving

822/52/1-2-2
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iteratively Eq. (3.2) for a very large sample of N = 10° atoms. The IDS is
then given as being the fraction of negative ratios u,. This technique has
the advantage of being efficient for any mass distribution, but the draw-
back of the limitation H_ > 1/N. We have used it for pure power-law
distributions

§(8)=Aas*"t  (0<5< A1) (3.49)

Figures 14 present comparisons of numerical data obtained by both
methods mentioned above with the estimate (3.48). The agreement is
always satisfactory; remember that our analytical approach cannot predict
the overall scale of Lifshitz tails, which corresponds to a vertical shift on
these logarithmic plots.

4. GENERALIZATION AND DISCUSSION

We presented in Section 3 an analytical method that provides both a
full asymptotic expansion (3.44) and a useful closed-form integral resum-
mation (3.48) of the Lifshitz tail of the IDS of random harmonic chains
with any mass distribution starting as a power law (1.6).

T T T T T T
-lnH¢
15— —
x = 02 //
A =05 /
10 — —
5_ —
mT/€
I I
00 10 12

Fig. 1. Logarithmic plot of H.(w?)=1— H(w?) versus n/¢ for the pure power-law mass
distribution (3.49) with «=0.2 and 4 =0.5. (—) Numerical data obtained, as explained
in the text, by iterating Eq. (3.2). (—-) Integral expression (3.48), resumming the asymptotic
expansion (3.44). Note the damped oscillations at small integer values of 7/e, reminiscent of
the periodic amplitude Q of Eq. (1.3).
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T I i |
-ln H
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=05 /
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7
- /€
0 <1 1
0 7 L 6 8 10

Fig. 2. Same as Fig. 1, with «=0.5 and 4=1.

The method can be extended to other mass distributions. We illustrate
its generality by considering distributions that have themselves an exponen-
tial singularity at their lower bound m =1,

5(3)~exp(—B5~P)  (8—0) (4.1)

We go back to Eq. (3.32), set T,(p)=exp[ — D(p)], and again linearize the
integrand, to obtain

(p)— B¢ +¢)~1n f d8 exp [—B&f‘—ij sin’ ¢ qb'((p)J (4.2)

I I T I T [
'lan
15_ // —
|0(=1.5 /
A=z 2 /
10 - —
5 —
T/€
0 | ]
0 ]

Fig. 3. Same as Fig. 1, with =15 and 4=2.
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| T | | 0 T
-InH
Bl .
0../
x = 1 //
A=1(M=1) /
0 - —
5_ —
0
0

Fig. 4. Same as Fig. 1, with a =1 and 4 =1. (+----) The IDS of the exactly soluble exponen-
tial distribution with M = A~! =1, obtained according to Egs. (3.6)-(3.7).

In the ¢—0 limit, the integral can be estimated through the steepest
descent method. By approximating the difference in the lhs by a derivative,
we obtain

@'(p)=Ce~*+V(sin 9)*,  with C=BB4 1+ )Y+ (43)

and an integration leads to

T.(p)~exp [—Cs“zﬁ“’ V (sin ¢)* a’til (4.4)
]

Hence, the terms that have been neglected in replacing the lhs of Eq. (4.2)

by a derivative would give a contribution of relative order ¢ in the square

brackets. Even with the very singular distribution (4.1), the approximations

needed by the present approach are legitimate. For ¢ =, the integral in
Eq. (44) is elementary, and we obtain, in virtue of Eq. (3.31),

' 2r(B+1/2)

H, ~ex —C—-———s"(zﬂ“)] 4.5

x| T (45)

This result is especially interesting, since it does not obey Eq. (1.4); excep-
tional distributions such as (4.1) were indeed excluded in ref. 2.
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The results of the present paper can be adapted, mutatis mutandis, to
other linear problems in disordered systems. Let us first mention the tight-
binding Schrddinger equation in a random site potential

_wn+l_wnfl+anpn:Elpn (46)

If the distribution p(V)dV of the potentials ¥, has a bounded support
a < V<b, then the results of Section 3 hold for the Lifshitz tails of the IDS
of the problem (4.6) at the top (resp. the bottom) of its spectrum. More
precisely, when E — (b +2)~ [resp. E— (a—2)* ], the parameters have to
be identified as e?=b+2—E and 46,=b—V, (resp. e&2=E—a+2 and
45,=V,—a). In a recent work on this problem,"'® the authors give
Eq. (1.8) without the value 2na of the prefactor, and present numerical
results for a uniform potential distribution. They extract a value s~ 3.7 for
half the «=1 prefactor of (1.8), while the correct result is
n+ O(In |In ¢]/|In ¢|). Notice that the integral (3.48) reproduces their data
with remarkable accuracy. Such logarithmic corrections are indeed a
genuine obstacle to extracting the correct prefactor of Eq.(1.8) from
numerical data for accessible values of e.

Let us now discuss the implications of the present results for trapping
problems. The motion of particles on a one-dimensional lattice with ran-
dom traps is usually modeled by a master equation of the form (see, e.g.,
refs. 20 and 21)

dpP,jdt=P, ,+P, ,—2P,—w,P,=—IP, (4.7)

P, (1) denotes the probability for a particle to be at the nth site at time ¢,
and the positive trap depths w, have a common distribution p(w) dw. The
IDS H(A) of Eq. (4.7) also has a Lifshitz tail at A — 0%, which is described
by the above results after identification ¢* =/, 45, = w,,. The quantities of
interest are the probability R(z) for a particle to return to its starting point,
given by

R(z)=ro e M dH(A) (4.8)

0

and the survival probability S(¢), given by

S(y={" e " dH(g=0; 1) (49)
0
where H(g; 4) is the IDS at a fixed wavevector (momentum) ¢. As far as
exponential factors are concerned, both IDS have the same Lifshitz
singularity.
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The case where the sites have w =0 (i.e., absence of a trap) with a
finite probability p is well understood.®®?? It exhibits a stretched
exponential behavior

R(1) ~ S(1) ~exp{ — 3[2(n In p)*1]"*} (4.10)

For trap depth distribution starting as a power law, p(w)~w* !, the
results of Section 3 imply

R(1) ~ S(t) ~exp {—3 [nzaz, (m%ﬂm} (4.11)

The “stretching” exponent 1/3 is affected by a universal (In ¢)** correction,
independently of «. The scale 7 itself contains a logarithmic ¢ dependence.
For distributions starting with an exponential singularity of the type (4.1),
our result (4.5) implies

R(1) ~ S(t) ~ exp( — K28+ 1/26+3) (4.12)

We finally want to mention the plausible form of the extension of the
above results to an arbitrary dimension d. Since the heuristic argument that
led to Eq.(1.8) has been confirmed by the more careful analysis of
Section 3 in one dimension, its validity can indeed be expected to be quite
general. Hence the following considerations are meant as reasonable,
although not rigorous, conjectures.

For harmonic spectra of random alloys, where light atoms (m=1)
occur with a probability p, the Lifshitz tail is known to have the
form(2,20,21)

H,~exp(—y,/ln pl e79) (4.13)

2 —w?and y,=Q,A9? where 2, and 4, denote the volume of
the unit sphere and the lowest eigenvalue of Laplace-Dirichlet operator in
it, respectively. For mass distributions starting with a power law (1.6), in
analogy with the one-dimensional case, the probability p is replaced by the
appropriate power of &,

with &2~ w2

H,~exp(—2ay,e “|Ineg|) (4.14)

For mass distributions with an essential singularity of the type (4.1) we
predict

H, ~exp(—kBe~4+2) (4.15)
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The translation of these results into the language of trapping problems in
any dimension d is

(4.13) = R(1) ~ S(t) ~ exp[ = C, [In p| ¥+ (d@+2]  (4.16)
2/(d+2)
(4.14) = R(t) ~ S(t) ~ exp [—Cz <ln ~> td/(‘”z)] (4.17)
T

(4.15) = R(t) ~ S(t) ~ exp[ — C, 114+ 26+ 26+2)] (4.18)

Equations (4.15) and (4.18) show that, for exceptional distributions
starting with an exponential singularity, the Lifshitz tail is governed by a
nonuniversal effective dimensionality

d'=d+2p (4.19)

which is always larger than the Euclidean dimension 4. An analogous
modification of the Lifshitz exponent has been recently described® for the
Schrodinger equation in a potential with a periodic component and a long-
ranged random component. Trapping problems on fractal structures®®
present a similar effect: the role of 4’ is then played by the spectral dimen-
sion d,, which is usually smaller than 4.
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